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Abstract—This paper derivesthr eecompetitive learning mech-
anismsfr om first principles to obtain clustersof comparable sizes
whenboth inputs and representativesarenormalized. Thesemech-
anismsare very effective in achieving balancedgrouping of inputs
in high dimensional spaces,as illustrated by experimental results
on clustering two popular text data setsin 26,099and 21,839di-
mensionalspacesrespectively.

I . INTRODUCTION

Competitive learning mechanismsinvolve winner-
take-all networks to determinethe most responsive cell
to a given input [9], [16], [10]. If this cell or exemplar
thenadjustsits afferentweightsto respondevenstronger
to thesameinputusingaHebbianprinciple,theresultant
systemcanbeshown to performunsupervisedclustering.
Well known competitive learning systemsinclude that
of RumelhartandZipser[16], andthe ART network [3]
which alsoinvolvesmechanismsto addressthestability-
plasticitydilemma.

If the winning cell is selectedas the one having the
minimumEuclideandistanceto theinput, anonlinever-
sionof thekmeansclusteringalgorithmis obtained[11].
However, suchmechanismsin generalsuffer from poor
performancewhen the input dimensionis very high ( ��������

) becauseof thewell-known “curseof dimensional-
ity” effects[6]. This problemcanbe mitigatedby con-
strainingbothinput andweightvectorsto beof thesame
length. In this setting,it is oftenpreferableto selectthe
winning cell astheonewith thehighestinnerproductof
its afferentweight vectorwith the input vector. In fact,
a batchmodeversionof sucha (normalized)competitive
learningtechniquecalledsphericalkmeanshasbeensuc-
cessfullyusedto clustertext documentsin 2000+dimen-
sionalspace[5].

Unfortunately, both normalizedand non-normalized
competitive learning mechanismsfor clustering suffer
from anotherproblemwhich is exacerbatedwhen there
aremany inputcells,i.e.,whentheinput is representedas
avectorin someveryhigh-dimensionalspace.This is the
problemof obtainingclustersof widely varyingsizes[2].
This problemwasaddressedfor Euclideanspacecluster-
ing (kmeansand variants)by frequency sensitive com-
petitivelearning(FSCL),whichwasoriginally formulated
to remedythe problemof under-utilization of partsof
a codebookin Vector Quantization[1]. Motivatedby
earlierwork of Grossberg [9], FSCL introduceda “con-

sciencemechanism”thatmultiplicatively scaledthedis-
tortion(distanceof theexemplaror codebookvectorfrom
the input) by thenumberof timesthatexemplarwasthe
winner in thepast.Thushighly winning exemplarswere
discouragedfrom attractingnew inputs. However, this
mechanismwasnot derived from first principlesor ap-
plied to normalizedclustering.

Several applications,particularly in the data mining
context, involve clusteringvery high dimensionaldata
into groupsof comparable sizes. For example,a direct
marketing campaignoften startswith segmentingcus-
tomersinto groupsof roughly equalsize or equalesti-
matedrevenuegeneration,(basedon marketbasket anal-
ysis, or purchasingbehavior at a web site), so that the
samenumberof salesteams(or marketing dollars) can
be allocatedto each segment. In large retail chains,
one often desiresproductcategories/groupingsof com-
parableimportance,sincesubsequentproceduressuchas
shelf/floorspaceallocationandproductplacementarein-
fluencedby theobjective of allocatingresourcespropor-
tional to revenueor grossmargins associatedwith the
productgroups[19]. Typically, a customeris character-
ized by a vector denoting,for eachproduct, the quan-
tity boughtor somederivednumbersuchasamountpaid,
while productsarecharacterizedby whichcustomerspur-
chasedthem.For realretaildata,thesevectorshavethou-
sandsof dimensions[20]. Similarly, in clusteringof a
largecorpusof documentsto generatetopic hierarchies,
balancinggreatly facilitatesnavigation by avoiding the
generationof hierarchiesthatarehighly skewed,with un-
even depth in different partsof the hierarchy“tree” or
having widely varying numberof documentsat the leaf
nodes.

In this paper, we first show that the sphericalkmeans
algorithmcanbe derived from a certainmaximumlike-
lihood formulationusinga mixture of von Mises-Fisher
distributionsasthegenerativemodel.Then,in sectionIII,
weproposeavariantin which thedispersionof amixture
componentdecreasesif more datapoints are attributed
to it. This resultsin a batch-modefrequency sensitive
competitivealgorithmfor normalizedscenarios.Two on-
line versionsof this algorithmarethensuggestedin sec-
tion IV. Experimentalresultson high-dimensionaltext
clusteringproblemsarepresentedin sectionV. Thepaper
concludesin sectionVI with adiscussionontheproposed



schemes.

I I . CLUSTERING ON A HYPERSPHERE

The classicalkmeansclusteringalgorithm gives the
maximumlikelihoodestimatesof the meansof � Gaus-
sians[15] with identitycovariancesby usingtheExpecta-
tion Maximization(EM) algorithm[4] (with adeltafunc-
tion prior on theindicatorvariables).TheEM algorithm
is guaranteedto givealocaloptimumfor thesemaximum
likelihoodestimates.We usethe sameapproachfor de-
riving the sphericalkmeansfor pointson the surfaceof
a hypersphere.Recall that the von Mises-Fisher(vMF)
distribution is an analogueof the Gaussiandistribution
on a hypersphere[18], [13] in thatit is themaximumen-
tropy distribution on the hyperspherewhenthe first two
momentsarefixed[12]. Thedensityof a � -dimensional
vMF distribution is givenby�
	���
���������� ���� 	����
���! " � �$#%�& � &�' (1)

where
�

representsthe meandirection vector and
�

is
the dispersionaroundthe mean,analogousto the mean
andcovariancefor themultivariateGaussiandistribution.
Thenormalizingcoefficient is��� 	(�����)	(*,+-� �/.�0�1 �/.�0�243 	(���657� �/.�082$3

(2)

where
1�9 	�:;�

is the modifiedBesselfunction of the first
kind andorder< [14]. Assumethatthereare= data-points> �@?�� 3 ��A�A�A4�B�$CED

on thesurfaceof a unit hypersphere
andthereare � vMF distributions

�7F!�HGI� � ��A�A�A4� � such
that eachpoint hasbeengeneratedfrom exactly oneof
thesedistributions.Theclusteringproblemis to estimate
theparametersof the � vMF distributionssothatthelike-
lihood of the observeddatais maximized. Like the Eu-
clideankmeanscase,we assume

�
to be a constantfor

now. Let JLK F be the indicatorvariablefor the event that� K wasgeneratedby
�7F

. Then,assumingthedata-points
havebeendrawn independently, thelikelihoodof theob-
serveddatais givenbyM�	�NPO > ��� CQKSR 3UTVF R 3 J K F��
	W� K 
�� F � (3)

where
� F

is themeanof the
G
-th vMF distribution. For a

givenvalueof theparametersthemostlikely distribution
to havegenerated

� K (in termsof log-likelihood)is given
byGEXY�

arg Z\[ �F ]_^�` �
	W� K 
�� F ��
arg Z\[ �F �a� #K � Fcb ]_^�` 	 ��� 	(���B�ed f & � F & � �8gh arg Z\[ �F � #K � F d fi�

is constant
g

(4)

Using Eqn.4 to assigneachdatapoint to a distribution,
wecanre-estimatethemeansof thecorrespondingdistri-
butionsasfollows:j F � Vk7lnm�o6p � K �q� F � j F& j F & �rGs� � ��A�A�A4� � (5)

Repeatingthe stepsgiven in Eqns.4 and5 resultsin a
gradientascentschemethat is guaranteedto give a lo-
cal maxima of the likelihood function in Eqn. 3 after
convergence[5]. This schemeis known as the spheri-
cal kmeans(spkmeans) algorithmsincethedata-points
lie on the surfaceof the unit sphere.It is a batchmode
versionof normalizedcompetitivelearning[16]. Theper-
formanceof this algorithmcanbe evaluatedby the nor-
malizedsphericalkmeanslog-likelihoodgivenbyt � �= TVF R 3 Vkum�oBp � # � F � (6)

interpretedastheaveragesimilarity (cosineof theangle)
betweenany vector

�
andits clusterrepresentative

� F
.

I I I . FREQUENCY SENSITIVE SPHERICAL KMEANS

Like its Euclideanspacecounterpart,the spherical
kmeansquite often gets stuck in poor local solutions
resulting in empty clustersor clustershaving very few
points. Clearly, the formulation doesnot have any ex-
plicit way to ensureagainstsuch a scenario. A simi-
lar problemhad beenreportedin the signal processing
communityfor theproblemof vectorquantizationwhere
somepartsof the codebookwereunder-utilized asa re-
sult of poor local solutionsto the optimizationproblem
for codebookgeneration[16]. The problemwasempir-
ically solved by using frequency sensitive competitive
learning(FSCL)[1], [7]. FSCLis aconsciencetypecom-
petitive learningapproachthat overcomesthe problems
associatedwith simplecompetitive learning[1] andKo-
honen’s self-organizingfeaturemapsin vectorquantiza-
tion applications.In theFSCL,thecompetitive comput-
ing unitsarepenalizedin proportionto (somefunctionof)
thefrequency of theirwinning,sothateventuallyall units
participatein thequantizationof thedataspace.Conver-
gencepropertiesof theFSCLalgorithmto alocalminima
havebeenstudiedby approximatingthefinal phaseof the
FSCLby adiffusionprocessdescribedby aFokker-Plank
equation[8].

Usingthesamebasicidea,we proposea changein the
formulationof sphericalkmeansin orderto preventpoor
local solutions.Ratherthankeeping

�
constant,we pro-

poseto make it inverselyproportionalto the numberof
pointsassignedto the correspondingdistribution. Thus,
if = F is thenumberof pointsassignedto

� F
, thenwe set� Fwv � 5 = F . Intuitively, this is akin to usingshrinking

Gaussiansin theEuclideanspacein thesensethatasmore



pointsareassignedto a particularcluster, the“width” of
its representativeGaussianreduces.As a result,effective
distanceof points from this clusterincreases,or, in the
sphericalcase,the similarity of points from this cluster
decreases.Thus,if a point

�
is suchthat

�$#%� 3 �x�$#%� 0
but = F,y{z = F}| , then

�
hasa higher likelihoodof hav-

ing beengeneratedfrom
� FLy

than
� F�|

in the frequency
sensitive setting. Hence,the likelihoodof pointsgoing
to clustershaving lessnumberof points is higher and
this implicitly preventspoorlocalsolutionshaving empty
clustersor clustershaving verysmallnumberof points.

Formally, let
��F v � 5 = F�~ ��Fx���}5 = F , where

�
is a proportionalityconstantthatwe will lateron choose
to our benefit. Then,the log-likelihoodof data-point

� K
having beengeneratedfrom

� F
is givenby]_^�` �%	�� K 
6� F ����F��� �= F � #K � F�b ]_^�` ��� " �= F '� �= F � #K � F�b � * ]S^�` 	�*,+-� b ]S^�` 	 1 �/.�082$3 	(��5 = F��B�� 	 � * b � � ]_^�` 	(��5 = F �h �= F � #K � F�b ]_^�` 	 1 �/.�0�243 	W��5 = F��6� b 	 � * b � � ]_^�` = F

where � 	�G�� h � 	(G�� meansthat arg Z\[ �F � 	(G����
arg ZP[ �F � 	�G�� . For simplifying theexpressionfurther, we

choose
��� =$� 0 5 � . Then,notingthat = F\���P	 = 5 � � and� is a largenumbersothat =$� 0 5�* �u= F�� � , we get]_^�` 1 �/.�0�243 	W��5 = F �� ]S^�` 1 �/.�082$3 " = 5 �= F A � 0* '� = 5 �= F A � 0* b �* ]_^�` 	(*7+ = 5 �= F A � 0* �h = 5 �= F A � 0* � �* ]_^�` = F

using the fact that
1 C 	���� ���L� 5�� *7+4� for fixed = and��� = [14]. Hence,]_^�` �%	W� K 
�� F ����F��h = 5 �= F A � 0* � # � F�b = 5 �= F A � 0* b �* ]_^�` = Fb 	 � * b � � ]_^�` = F� = 5 �= F A � 0*�� � # � F � �L� b � b �* ]S^�` = F� � *�� 	 = 5 � � �= F � � # � F � � # F � F � b ]S^�` = F,�h 	 = 5 � � �= F 	W� � � F � # � F�b ]_^�` = F

Hence,themostlikely distribution to have generatedthe
point

� K is givenbyG X �
arg Z\[ �F � 	 = 5 � � �= F 	�� � � F � # � F b ]_^�` = F$� (7)�
arg Z\[ �F �= F � � # � F � � b = F	 = 5 � � � ]S^�` = F � (8)

Wewrite Eqn.7 in asecondform in Eqn.8 in orderto get
a betterunderstandingof the dependencieson = F . Note
that the sphericalkmeansassignmentfunction (Eqn. 4)
now getsa multiplicative and an additive term both of
which penalizelargesizedclusters.Notethatthis partic-
ularformof thelikelihoodfunctionis dueto ourchoiceof
theproportionalityconstantandothervaluesof thecon-
stantwill give slightly differentformsfor this likelihood
function. However, this particularchoicehelpsususean
asymptoticbehavior of the modifiedBesselfunction of
the first kind therebymaking the formulationcomputa-
tionally tractable.

Basedon this result, we presentthe algorithm fs-
spkmeans (frequency sensitive sphericalkmeans)that
is a variantof spkmeans andpreventsit from getting
stuckin badlocal solutions.

Algorithm fs-spkmeans
1.Setiterationcount ��� �

. Choose� points(unit

vectors)astheclustermeans
�����H F , set = ���H F � C

T ,G¡� � ��A�A�A4� � .
2.Repeatuntil convergence

2a. Assigneachdata-point
�

to thecluster
�¢��£� F,¤ whereG X �

arg Z\[ �F 3C p¦¥ � # � F � � b C p� C . T   � ]_^�` =
FE§

2b. = ��£�¨ 3  F � O©?��«ª��«¬­�¢��£� F D!O
2c. j �S£�¨ 3  F � 3C�®©¯_° y(±p ² kum�o ®©¯ ±p ���q�³��£�¨ 3  F � ´ ®©¯_° y(±pµ ´ ®©¯_° y(±p µ
2d. ��� 	 � � � �

IV. ONLINE FS-SPKMEANS

Though the algorithm fs-spkmeans is motivated
by the FSCL, it does not have the online flavor of
FSCL. To study the effect of the online behavior of
fs-spkmeans, we madetwo online variantsof this
algorithm. The first, called ofs-spkmeans (online
fs-spkmeans), basicallyincorporatesstep2b of fs-
spkmeans into step2a. In otherwords,in eachiteration� , assoonasa point getsassignedto the

G
-th cluster, the

valueof = ��£� F is updated.The algorithmis presentedbe-
low.

Algorithm ofs-spkmeans
1.Setiterationcount ��� �

. Choose� points(unit

vectors)astheclustermeans
�����H F , set = ���H F � C

T ,



G¶� � ��A�A�A4� � .
2.Repeatuntil convergence
2a. For · � � to = ,

(i) Assignthedata-point
� K to thecluster

� �S£� F ¤ whereG X �
arg Z\[ �F 3C p¸¥ �$#%� F � � b C p� C . T   � ]_^�` =

F §
(ii) = �S£� F,¤ �¹= �S£� F,¤ � � ; = ��£� F �¹= ��£� F b 3

T
�Eº4G

2b. j �S£�¨ 3  F � 3C�®©¯ ±p ² � m�o ®»¯ ±p �-�¼� �S£�¨ 3  F � ´ ®»¯½° y(±pµ ´ ®»¯½° y(±p µ
2c. = ��£�¨ 3  F �¹= ��£� F �HGs� � ��A�A�AE� � � ��� 	 � � � �
A more complete online version is the fscl-
spkmeans (FSCLspkmeans), thatis purelyin thefla-
vor of theFSCL.Thereis only oneiterationon theentire
dataandassoonasapointgetsassignedto the

G
-th clus-

ter, both = F and
� F

areupdated.Thus,in thisscheme,we
have shrinkingaswell asmoving vMF distributionstry-
ing to modelthe data. The basicalgorithmis presented
below.

Algorithm fscl-spkmeans
1. Choose� points(unit vectors)astheclustermeans

� F
,

set = F � C
T
��Gs� � ��A�A�A4� � .

2. For · � � to =
2a. Assignthedata-point

� K to thecluster
��FL¤

whereG X �
arg ZP[ �F 3C p¦¥ �$#%� F � � b C p� C . T   � ]_^�` =

F §
2b. = F ¤ �¾= F ¤ � � ; = F �¹= F b 3T

��º$G
2c. j F � � F � 3C p 	�� K b � F �/�q� F � ´ pµ ´ p µ
Notethatin boththeonlinealgorithms,aftereachpoint is
assignedto aclusterandits countincremented,aconstant� 5 � is subtractedfrom each= F . This ensuresthatat any
pointof time,thetotalnumberof pointsin all theclusters
addup to = .

V. EXPERIMENTAL RESULTS

In this section,experimentalresultson the proposed
ideasare presented. We presentresultson two high-
dimensionaltext datasets.We usedthe 20-newsgroups
dataset1 andthe Yahoonews dataset2(K1) for the em-
pirical performanceanalysis.The20-newsgroupdataset
is acollectionof 20,000messages,collectedfrom 20dif-
ferentusenetnewsgroups.Onethousandmessagesfrom
eachof the twenty newsgroupswerechosenat random
and partitionedby newsgroupname. The headersfor
eachof the messageswerechoppedoff so that they do
not bias the results. The toolkit MC [5] was usedfor
creatingthehigh-dimensionalvectorspacemodelfor the
text documentsand a total of 26099words were used.¿

http://www-2.cs.cmu.edu/afs/cs.cmu.edu/project/theo-20/www/
data/news20.htmlÀ

ftp://ftp.cs.umn.edu/users/boley/PDDPdata/

Thus,eachmessage,after normalization,is represented
asa unit vectorin a 26099dimensionalspace.The Ya-
hoonews K-seriesdatasetis a collectionof 2340Yahoo
news articlesbelongingoneof 20 differentYahoocate-
gories. The K1 setactuallygivesthe high-dimensional
vectorspacemodelhaving 21839words. After normal-
ization, the data-pointsresideon the surfaceof a 21839
dimensionalhypersphere.

First, we take a look at the performanceof the fre-
quency sensitivealgorithmsascomparedto thespherical
kmeans(spkmeans) in termsof the objective function
values.For aparticularvalueof numberof clusters� , we
run all thealgorithmson a data-set.The initial � means
of thesphericalkmeansweregeneratedby computingthe
meanof theentiredataandmaking � small randomper-
turbationsto this mean[5]. For stability andrepeatabil-
ity, thefrequency sensitive algorithmswereinitialized at
points of local minima of the sphericalkmeansobjec-
tive. In Fig. 1(a), the normalizedsphericalkmeansob-
jective functionvalue(Eqn.6) for all thealgorithms(af-
ter convergenceon their individual objective functions)
on the 20-newsgroupsdatais presented.The resultsare
averagedover 10 runsfor eachvalueof � andthe stan-
dard deviationsare shown by error bars. It is interest-
ing to notethatall theapproachesgiveapproximatelythe
samevalue for the objective upto around � � �}Á

after
which they separateout. The frequency sensitive algo-
rithms give a highervalueof the objective for � � �LÁ

.
A closerlook revealsthat fs-spkmeans andfscl-
spkmeans perform almost identically. Also, the ob-
jective functionfor ofs-spkmeans is actuallyslightly
lessthantherestupto � � �}Á

afterwhich it crossesthat
of spkmeans andcloselyfollows thatof the othertwo
frequency sensitive algorithms. Similar resultsare ob-
tainedon the Yahoodatasetasshown in Fig. 2(a). Note
thatin this casefs-spkmeans andfscl-spkmeans
separateout around � � ���

andthe crossover of ofs-
spkmeans occursat around � �ÃÂ � . Thus, changing
the objective function of spkmeans onceit hasgot to
a local solutionto a frequency sensitive versionactually
improvesthespkmeans objectivefunction.This is very
interestingsincethis techniquehasapparentlynorelation
with standardtechniqueslikesimulatedannealingandge-
neticalgorithmsthatarenormallyusedto avoid badlocal
solutions.

In Fig. 1(b), thevarianceof thenumberof documents
perclusteron the20-newsgroupsdatais presentedfor all
thealgorithms.Thecorrespondingresultsfor theYahoo
datasetis givenin Fig. 2(b). ofs-spkmeans givesthe
minimum variancein clustersizesin both the casesand
is significantlybetterthantherestof thealgorithms.fs-
spkmeans andfscl-spkmeans performidentically
andgivesa lowervariancein clustersizesascomparedto
spkmeans. As a specialandinterestingcase,we com-



parethe algorithmsbasedon the smallestsizedcluster
they generatein different runs. Fig. 1(c) shows results
onthe20-newsgroupsdataandFig. 2(c)showsthecorre-
spondingresultson theYahoodata.Theresultsareplot-
ted asa ratio of thesmallestclustersizeto the expected
clustersize. Note that the minimum clustersizethat is
plottedis the meanof thesmallestclustersizesover the
10 runs. For the 20-newsgroupsdata,spkmeans starts
misbehaving from around � � * �

and for �ÅÄ *�*
it

seemsto alwaysgeneratesomeemptyclusters.Similar
behavior is observedon theYahoodatafor �­Ä �LÆ . This
is a well known propertyof the kmeansalgorithm,spe-
cially in very high dimensionalspaces.The frequency
sensitive algorithmsdoesnot seemto have this problem.
fs-spkmeans andfscl-spkmeans againperform
identically. ofs-spkmeans givesvery balancedclus-
ters and a much higher ratio than the rest of the algo-
rithms. Note that in generalthe balancingseemsto be
betterfor the 20-newsgroupsdata. The primary reason
for this is that the classesin the Yahoodataarenot bal-
anced,with sizesrangingfrom 9 to 494,whereasin the
20-newsgroupdataall theclassesareof thesamesize.

VI . CONCLUDING REMARKS

Clusteringproblemsin high dimensionalspacestend
to be difficult becauseof the curseof dimensionality.
Representingthedataonahigh-dimensionalhypersphere
takescareof a part of the problem. However, standard
kmeansappliedon this high-dimensionaldatagivesbad
local solutionshaving emptyclustersor clustershaving
very few points. In this paper, we proposedapplying
frequency sensitive competitive learning on top of the
sphericalkmeanssetting to avoid suchbad local solu-
tions. A similar study hasbeenmadein high dimen-
sional Euclideanspaces[17], this is handicappedsince
regular kmeansseverely under-performsin high dimen-
sionalspaces[21].

Theproblemof clusteringdatalying on thesurfaceof
a hypersphereis posedasa maximumlikelihoodestima-
tion of � vMF distributionsthatareassumedto havegen-
eratedtheobserveddata.It wasshown thatthespherical
kmeansalgorithmcomesfrom this formulationunderthe
assumptionof constantdispersionof the vMF distribu-
tions. Then, by settingthe dispersionsproportionalto
the inverseof thenumberof pointsin thecorresponding
cluster, we experimentallyshow that theresultsareboth
superiorandsignificantlybetterbalanced.

Theresultpresentedin thispaperleadsusto averyim-
portantquestion.Thoughtheapproachof makingtheob-
jectivefunctionfrequency sensitiveoncewehavereached
a local optimumof thetargetobjective functiondoesnot
seemto have any links with standardtechniquessuchas
simulatedannealingfor handlingsimilar problems,the
approachseemsto work quitewell. It will beinteresting

to studytheclassof functionsandoptimizationproblems
for whichthisapproachworks,why it worksandhow this
comparesto simulatedannealingover this classof func-
tions.
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Fig. 1. Comparisonon the 20-newsgroupsdata: (a) the normalized
sphericalkmeansobjective function values,(c) the variancein cluster
sizes,and(e) theminimumclustersize,averagedover 10 runsof each
algorithm.
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Fig. 2. Comparisonon the Yahoodata: (a) the normalizedspherical
kmeansobjective functionvalues,(c) thevariancein clustersizes,and
(e) theminimumclustersize,averagedover 10 runsof eachalgorithm.


