FrequencySensitve Competitive Learning for
Clustering on High-dimensional Hyperspheres

Arindam BanerjeeandJoydeepGhosh
Dept. of ElectricalandComputerEngineering
Universityof Texasat Austin, Austin, TX 78712

Abstract— This paper derivesthr eecompetitive learning mech-
anismsfrom first principles to obtain clusters of comparable sizes
whenboth inputs and representatvesare normalized. Thesemech-
anismsare very effective in achieving balancedgrouping of inputs
in high dimensional spaces,as illustrated by experimental results
on clustering two popular text data setsin 26,099and 21,839di-
mensionalspaces espectvely.

|. INTRODUCTION

Competitve learning mechanismsinvolve winner
take-all networks to determinethe mostresponsie cell
to agiveninput[9], [16], [10]. If this cell or exemplar
thenadjuststs afferentweightsto respondevenstronger
to thesameinputusinga Hebbianprinciple,theresultant
systemcanbeshown to performunsupervisedlustering.
Well known competitve learning systemsinclude that
of Rumelhartand Zipser[16], andthe ART network [3]
which alsoinvolvesmechanismso addresghe stability-
plasticitydilemma.

If the winning cell is selectedas the one having the
minimum Euclideandistanceto theinput, anonline ver
sionof thekmeansclusteringalgorithmis obtained11].
However, suchmechanismsn generalsuffer from poor
performancevhenthe input dimensionis very high (>
1000) becausef the well-known “curseof dimensional-
ity” effects[6]. This problemcanbe mitigatedby con-
strainingbothinput andweightvectorsto be of the same
length. In this setting,it is often preferableto selectthe
winning cell asthe onewith the highestinner productof
its afferentweight vectorwith the input vector In fact,
abatchmodeversionof sucha (normalized)}competitve
learningtechniquecalledsphericakmeanshasbeensuc-
cessfullyusedto clustertext documentsn 2000+dimen-
sionalspacdg5].

Unfortunately both normalizedand non-normalized
competitve learning mechanismdor clustering suffer
from anotherproblemwhich is exacerbatedvhenthere
aremary inputcells,i.e.,whentheinputis representeds
avectorin somevery high-dimensionaspace Thisis the
problemof obtainingclustersof widely varyingsizes[2].
This problemwasaddresseébr Euclideanspacecluster
ing (kmeansand variants)by frequeng sensitve com-
petitivelearning(FSCL)whichwasoriginally formulated
to remedythe problem of underutilization of parts of
a codebookin Vector Quantization[1]. Motivated by
earlierwork of Grossbeg [9], FSCL introduceda “con-

sciencemechanism’that multiplicatively scaledthe dis-
tortion (distanceof theexemplaror codebookvectorfrom
theinput) by the numberof timesthatexemplarwasthe
winnerin the past. Thushighly winning exemplarswere
discouragedrom attractingnew inputs. However, this
mechanismwas not derived from first principlesor ap-
plied to normalizedclustering.

Several applications,particularly in the data mining
contet, involve clustering very high dimensionaldata
into groupsof companble sizes For example,a direct
marketing campaignoften startswith segmenting cus-
tomersinto groupsof roughly equalsize or equal esti-
matedrevenuegeneration(basedon market baslet anal-
ysis, or purchasingbehaior at a web site), so that the
samenumberof salesteams(or marketing dollars) can
be allocatedto eachsegment. In large retail chains,
one often desiresproduct categories/grouping®f com-
parableimportancesincesubsequentroceduresuchas
shelf/floorspaceallocationandproductplacemenarein-
fluencedby the objective of allocatingresourcepropor
tional to revenueor grossmaigins associatedvith the
productgroups[19]. Typically, a customelis character
ized by a vectordenoting,for eachproduct, the quan-
tity boughtor somederivednumbersuchasamountpaid,
while productsarecharacterizetdy which customergur-
chasedhem. For realretail datathesevectorshave thou-
sandsof dimensiong20]. Similarly, in clusteringof a
large corpusof documentgo generatédopic hierarchies,
balancinggreatly facilitatesnavigation by avoiding the
generatiorof hierarchieghatarehighly skewed,with un-
even depthin different partsof the hierarchy“tree” or
having widely varying numberof documentsat the leaf
nodes.

In this paper we first show that the sphericalkmeans
algorithmcanbe derived from a certainmaximumlik e-
lihood formulationusing a mixture of von Mises-Fisher
distributionsasthegeneratiemodel. Then,in sectionlll,
we proposeavariantin which thedispersiorof amixture
componentdecreased more datapoints are attributed
to it. This resultsin a batch-moddrequeng sensitve
competitve algorithmfor normalizedscenariosTwo on-
line versionsof this algorithmarethensuggestedh sec-
tion IV. Experimentalresultson high-dimensionatext
clusteringproblemsarepresentedh sectionV. Thepaper
concludesn sectionVI with adiscussiorontheproposed



schemes.

Il. CLUSTERING ON A HYPERSPHERE

The classicalkmeansclusteringalgorithm gives the
maximumlik elihood estimateof the meansof k£ Gaus-
siang15] with identity covariancedy usingthe Expecta-
tion Maximization(EM) algorithm[4] (with adeltafunc-
tion prior on the indicatorvariables).The EM algorithm
is guaranteetb give alocal optimumfor thesemaximum
likelihood estimates.We usethe sameapproachor de-
riving the sphericalkmeansfor pointson the surfaceof
a hypersphere Recallthat the von Mises-Fishei(vMF)
distribution is an analogueof the Gaussiandistribution
onahyperspherl8], [13] in thatit is the maximumen-
tropy distribution on the hyperspheravhenthe first two
momentsarefixed[12]. The densityof a d-dimensional

VMF distributionis givenby
(<5)
exp | K+
[l

where p representshe meandirection vector and « is
the dispersionaroundthe mean,analogougo the mean
andcovariancefor themultivariateGaussiarlistribution.
Thenormalizingcoeficientis
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whereI.(y) is the modified Besselfunction of the first
kind andorderr [14]. Assumehattherearen data-points
X = {x1,--- ,x,} onthesurfaceof aunit hypersphere
andtherearek vMF distributions f,,h = 1,--- , k such
that eachpoint hasbeengeneratedrom exactly one of
thesedistributions. The clusteringproblemis to estimate
theparametersf thek vMF distributionssothatthelik e-
lihood of the obsened datais maximized. Like the Eu-
clideankmeanscase,we assumexs to be a constantfor
now. Let z;;, betheindicatorvariablefor the eventthat
x; wasgeneratedy f. Then,assuminghe data-points
have beendravn independentlythelik elihoodof the ob-
seneddatais givenby
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wherep,, is themeanof the h-th vMF distribution. For a
givenvalueof the parametershe mostlik ely distribution
to have generateck; (in termsof log-likelihood)is given

by

h* = amgmax log f(xi;py)
h
= amgmax kx| p, —1og(Za(x)) [ lleall = 1]

[ k is constanit
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Using Eqn. 4 to assigneachdatapoint to a distribution,
we canre-estimatehe meansof the correspondinglistri-
butionsasfollows:

mp = ina MKy =
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Repeatingthe stepsgivenin Eqns.4 and5 resultsin a

gradientascentschemethat is guaranteedo give a lo-

cal maxima of the likelihood function in Eqn. 3 after
corvergence[5]. This schemeis known asthe spheri-
calkmeangspkneans) algorithmsincethe data-points
lie on the surfaceof the unit sphere.lt is a batchmode
versionof normalizedcompetitivelearning[16]. Theper

formanceof this algorithmcan be evaluatedby the nor-

malizedsphericakmeandog-likelihoodgivenby

k
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interpretedasthe averagesimilarity (cosineof theangle)
betweerary vectorx andits clusterrepresentatie s, .

I1l. FREQUENCY SENSITIVE SPHERICAL KMEANS

Like its Euclideanspacecounterpart,the spherical
kmeansquite often gets stuck in poor local solutions
resultingin empty clustersor clustershaving very few
points. Clearly, the formulation doesnot have any ex-
plicit way to ensureagainstsucha scenario. A simi-
lar problemhad beenreportedin the signal processing
communityfor the problemof vectorquantizationvhere
somepartsof the codebookwere underutilized asa re-
sult of poor local solutionsto the optimizationproblem
for codebookgeneratior{16]. The problemwasempir
ically solved by using frequeng sensitve competitive
learning(FSCLJ1], [7]. FSCLis aconscienceéypecom-
petitive learningapproachthat overcomeghe problems
associateavith simple competitve learning[1] andKo-
honens self-omganizingfeaturemapsin vectorquantiza-
tion applications.In the FSCL, the competitve comput-
ing unitsarepenalizedn proportionto (somefunctionof)
thefrequeng of theirwinning, sothateventuallyall units
participatein the quantizatiorof the dataspace .Corver-
gencepropertieof theFSCLalgorithmto alocalminima
have beenstudiedby approximatinghefinal phaseof the
FSCLby adiffusionprocesslescribedy a Fokker-Plank
equation8].

Usingthe samebasicidea,we proposea changen the
formulationof sphericakmeansn orderto preventpoor
local solutions. Ratherthankeepingx constantwe pro-
poseto male it inverselyproportionalto the numberof
pointsassignedo the correspondinglistribution. Thus,
if np, is the numberof pointsassignedo f3, thenwe set
kp o< 1/ny. Intuitively, this is akin to using shrinking
Gaussiani theEuclidearspacén thesensaghatasmore



pointsareassignedo a particularcluster the “width” of
its representatie GaussiameducesAs aresult,effective
distanceof pointsfrom this clusterincreasesgr, in the
sphericalcase,the similarity of pointsfrom this cluster
decreasesThus,if apointx is suchthatx” p, = x7
but ny, < m,, thenx hasa higherlikelihood of hav-
ing beengeneratedrom f;, than f;, in the frequeny
sensitve setting. Hence,the likelihood of points going
to clustershaving less numberof pointsis higher and
thisimplicitly preventspoorlocal solutionshaving empty
clustersor clustershaving very smallnumberof points.

Formally, let k, « 1/np, = kp = ¢/ny, Wherec
is a proportionalityconstanthatwe will lateron choose
to our benefit. Then,the log-likelihood of data-pointx;
having beengeneratedrom f;, is givenby

log f(xi; tp, Kn)
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where F(h) G(h) meansthat agmax F(h)

h
argmax G (h). For simplifying theexpressiorfurther, we
h

chooser = nd?/k. Then,notingthatn, = O(n/k) and
d is alargenumbersothatnd? /2kny, > d, we get
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usingthe factthat I, (z) ~ e*/+/2nz for fixedn and
x> n [14]. Hence,
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Hence the mostlikely distribution to have generatedhe
pointx; is givenby
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We write Eqn.7 in asecondormin Eqn.8in orderto get
a betterunderstandingf the dependenciesn n;. Note
that the sphericalkmeansassignmentunction (Eqn. 4)

now getsa multiplicative and an additive term both of

which penalizelarge sizedclusters.Note thatthis partic-
ularform of thelik elihoodfunctionis dueto our choiceof

the proportionalityconstantandothervaluesof the con-
stantwill give slightly differentformsfor this likelihood
function. However, this particularchoicehelpsususean
asymptoticbehaior of the modified Besselfunction of

the first kind therebymaking the formulation computa-
tionally tractable.

Basedon this result, we presentthe algorithm f s-
spkmeans (frequeng sensitve sphericalkmeans)that
is a variantof spkneans and preventsit from getting
stuckin badlocal solutions.

Algorithm f s- spkmeans
1.Setiterationcountt « 0. Choosek points(unit

vectors)asthe clustermeansuslo), setnglo) —
h=1,---,k.

2.Repeatintil corvergence

2a. Assigneachdata-pointx to the clusterf(? where
h* = arg;naxL {xTuh +1— e lognh}
2b nl  x:x e £y
t+1 1 m )
2c. }(1 ) «— W erf,gt) X, [,l,g ) ”?tiﬁ—l)”
2d. t+ (t+1)

IV. ONLINE FS-SPKMEANS

Though the algorithm f s- spkneans is motivated
by the FSCL, it does not have the online flavor of
FSCL. To study the effect of the online behaior of
f s- spkneans, we madetwo online variantsof this
algorithm. The first, called of s- spkneans (online
f s- spkneans), basicallyincorporatestep2b of f s-
spkmeans into step2a. In otherwords,in eachiteration
t, assoonasa point getsassignedo the h-th cluster the
valueof ngf) is updated.The algorithmis presentede-
low.

Algorithm of s- spkneans
1.Setiterationcountt « 0. Choosek points(unit

vectors)asthe clustermeansu(o) setn(o) B



h=1,--- k.
2.Repeauntil corvergence
2a. Fori=1ton,

(i) Assignthedata-pointx; to the cIusterf(i) where

h* = arg;nax% {xTuh +1-— (n’}—’,;)d lognh}

(i) n,(f) — n,(f) +1; nglt) — nglt) — %, Vh
(t+1) (t+1) mitth
2b. my « n(lt) Zzef’(lt) T, MK Hm§+1)”

2c. a0 h=1,- k, t (t+1)

A more complete online version is the fscl -
spknmeans (FSCLspkmeans), thatis purelyin thefla-
vor of the FSCL.Thereis only oneiterationontheentire
dataandassoonasa point getsassignedo the h-th clus-
ter, bothn,, andy,, areupdatedThus,in thisschemewe
have shrinkingaswell asmoving vMF distributionstry-
ing to modelthe data. The basicalgorithmis presented
below.

Algorithm f scl - spkeans

1. Choosek points(unit vectors)asthe clustermeansgy,,,
setnp «+ 3,h=1,--- k.

2.Fori=1ton

2a. Assignthedata-pointx; to theclusterf,- where
* __ 1 T n
h* = arg;naxﬁ {x pp+1-— Wlognh}
2b. nps —npe+1; nh(—nh—%,\?’h
2c. mh(—uhﬁ—;—h(wi—uh), ny, ”'m"—:”

Notethatin boththeonlinealgorithms aftereachpointis
assignedo a clusterandits countincrementedaconstant
1/k is subtractedrom eachn,,. This ensureghatatary
pointof time, thetotal numberof pointsin all theclusters
addupton.

V. EXPERIMENTAL RESULTS

In this section,experimentalresultson the proposed
ideasare presented. We presentresultson two high-
dimensionaltext datasets.We usedthe 20-nevsgroups
dataset andthe Yahoonews datasef(K1) for the em-
pirical performanceanalysis. The 20-navsgroupdataset
is acollectionof 20,000messagesollectedfrom 20 dif-
ferentusenemnewnsgroups.Onethousandnessagefrom
eachof the twenty newsgroupswere chosenat random
and partitionedby newsgroupname. The headersfor
eachof the messagesvere choppedoff sothatthey do
not bias the results. The toolkit MC [5] was usedfor
creatingthe high-dimensionaVectorspacemodelfor the
text documentsand a total of 26099 words were used.

Lhttp://www-2.cs.cmu.edu/afs/cs.cmu.edu/edsiheo-20www/
data/nevs20.html
2ftp:/fitp.cs.umn.edu/users/bgleDDPdaa/

Thus, eachmessageafter normalization,is represented
asa unit vectorin a 26099dimensionalspace.The Ya-
hoo news K-seriesdataseis a collectionof 2340Yahoo
news articlesbelongingone of 20 differentYahoocate-
gories. The K1 setactually givesthe high-dimensional
vectorspacemodelhaving 21839words. After normal-
ization, the data-pointgesideon the surfaceof a 21839
dimensionahypersphere.

First, we take a look at the performanceof the fre-
gueny sensitve algorithmsascomparedo the spherical
kmeans(spkneans) in termsof the objective function
values.For aparticularvalueof numberof clustersk, we
run all the algorithmson a data-set.The initial £ means
of thesphericakmeansveregeneratedy computingthe
meanof the entiredataandmakingk smallrandomper
turbationsto this mean[5]. For stability andrepeatabil-
ity, the frequeny sensitve algorithmswereinitialized at
points of local minima of the sphericalkmeansobjec-
tive. In Fig. 1(a), the normalizedsphericalkmeansob-
jective functionvalue(Eqn.6) for all the algorithms(af-
ter corvergenceon their individual objective functions)
on the 20-navsgroupsdatais presented.The resultsare
averagedover 10 runsfor eachvalue of k£ andthe stan-
dard deviations are shavn by error bars. It is interest-
ing to notethatall theapproachegive approximatelythe
samevaluefor the objectve upto aroundk =~ 15 after
which they separateout. The frequeny sensitve algo-
rithms give a highervalue of the objectve for & > 15.
A closerlook revealsthatf s- spkmeans andf scl -
spkmeans perform almostidentically Also, the ob-
jective functionfor of s- spkreans is actuallyslightly
lessthantherestuptok = 15 afterwhichit crosseghat
of spkneans andcloselyfollows that of the othertwo
frequeng sensitve algorithms. Similar resultsare ob-
tainedon the Yahoodatasetsshowvn in Fig. 2(a). Note
thatin thiscasef s- spkneans andf scl - spkneans
separateut aroundk = 10 andthe crosswer of of s-
spknmeans occursat aroundk = 30. Thus,changing
the objective function of spkneans onceit hasgot to
alocal solutionto a frequeng sensitve versionactually
improvesthespkneans objectivefunction. Thisis very
interestingsincethistechniquehasapparentlynorelation
with standardechniquedik e simulatedannealingandge-
neticalgorithmsthatarenormallyusedto avoid badlocal
solutions.

In Fig. 1(b), the varianceof the numberof documents
perclusteronthe 20-navsgroupdatais presentedor all
the algorithms. The correspondingesultsfor the Yahoo
datasets givenin Fig. 2(b). of s- spkneans givesthe
minimum variancein clustersizesin boththe casesand
is significantlybetterthantherestof thealgorithms f s-
spkmeans andf scl - spkrreans performidentically
andgivesalowervariancean clustersizesascomparedo
spkmeans. As aspecialandinterestingcase we com-



parethe algorithmsbasedon the smallestsizedcluster
they generatdn differentruns. Fig. 1(c) shows results
onthe20-navsgroupsdataandFig. 2(c) shavsthecorre-
spondingresultson the Yahoodata. Theresultsareplot-

ted asaratio of the smallestclustersizeto the expected
clustersize. Note that the minimum clustersizethatis

plottedis the meanof the smallestclustersizesover the
10 runs. For the 20-nevsgroupsdata,spkneans starts
misbehaing from aroundk =~ 20 andfor & > 22 it

seemdo always generatesomeempty clusters. Similar

behaior is obsenedon the Yahoodatafor £ > 17. This

is a well known propertyof the kmeansalgorithm, spe-
cially in very high dimensionalspaces. The frequengy

sensitve algorithmsdoesnot seemto have this problem.
f s- spkneans andf scl - spkneans againperform
identically. of s- spkneans givesvery balancedclus-
ters and a much higher ratio than the rest of the algo-
rithms. Note thatin generalthe balancingseemsto be
betterfor the 20-navsgroupsdata. The primary reason
for this is thatthe classesn the Yahoodataare not bal-

anced,with sizesrangingfrom 9 to 494, whereasn the
20-nevsgroupdataall the classesreof thesamesize.

VI. CONCLUDING REMARKS

Clusteringproblemsin high dimensionalspacegend
to be difficult becauseof the curseof dimensionality
Representinghedataonahigh-dimensionahypersphere
takes careof a part of the problem. However, standard
kmeansappliedon this high-dimensionatlatagivesbad
local solutionshaving empty clustersor clustershaving
very few points. In this paper we proposedapplying
frequeng sensitve competitive learning on top of the
sphericalkmeanssettingto avoid suchbad local solu-
tions. A similar study hasbeenmadein high dimen-
sional Euclideanspaceq17], this is handicappedince
regular kmeansseverely underperformsin high dimen-
sionalspaceg21].

The problemof clusteringdatalying on the surfaceof
a hyperspherés posedasa maximumlikelihoodestima-
tion of k£ vMF distributionsthatareassumedo have gen-
eratedthe obseneddata. It wasshawvn thatthe spherical
kmeansalgorithmcomesfrom this formulationunderthe
assumptiorof constantdispersionof the vMF distribu-
tions. Then, by settingthe dispersionsproportionalto
theinverseof the numberof pointsin the corresponding
cluster we experimentallyshown thatthe resultsareboth
superiorandsignificantlybetterbalanced.

Theresultpresentedh this papedeadsusto averyim-
portantquestion.Thoughtheapproactof makingthe ob-
jectivefunctionfrequeng sensitve oncewe havereached
alocal optimumof thetargetobjective functiondoesnot
seemto have ary links with standardechniquesuchas
simulatedannealingfor handlingsimilar problems,the
approachseemdgo work quitewell. It will beinteresting

to studythe classof functionsandoptimizationproblems
for whichthisapproactworks,why it worksandhow this

comparego simulatedannealingover this classof func-

tions.
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Fig. 1. Comparisonon the 20-navsgroupsdata: (a) the normalized Fig. 2. Comparisonon the Yahoodata: (a) the normalizedspherical
sphericalkmeansobjectize function values,(c) the variancein cluster ~ kmeansobjectie functionvalues,(c) the variancein clustersizes,and
sizes,and(e) the minimum clustersize,averagedover 10 runsof each  (e) theminimumclustersize,averagedover 10 runsof eachalgorithm.
algorithm.



